ABSTRACT A quasi-linear retrieval was developed to profile moderately thin atmospheres using a high-resolution O 2 Aband spectrometer. The retrieval is explicitly linear with respect to single scattering; the multiple-scattering contribution is treated as a perturbation. The properties of the linear inversion, examined using singular value decomposition of the kernel function, demonstrate the impacts of instrument specifications, such as resolution, out-of-band rejection, and signal-to-noise ratio, on information content. A system with 0.5 cm Ϫ1 resolution, signal-to-noise ratio of 100:1, and out-of-band floor of 10 Ϫ3 has four independent pieces of information. A fast radiative transfer model was developed to compute the multiple-scattering perturbation, in which multiple scattering is calculated at 16 different O 2 absorption depths to synthesize the O 2 A band. The linear system is then solved using Tikhonov's regularization with inequality constraints. Tests with synthetic data, including noise, of O 2 A-band retrievals illustrate that this algorithm is accurate and fast for retrieving aerosol profiles. The errors are less than 10% for the integrated total optical depth for the cases tested. It is shown that instruments with the needed performance are practical.
Introduction
Oxygen A-band (ഠ760 nm) remote sensing has been studied extensively for retrieval of surface pressure and cloud-top heights from satellite measurements (Mitchell and O'Brien 1987; Fischer and Grassl 1991; Fischer et al. 1991; O'Brien and Mitchell 1992) . More recently, efforts have been made to use ground-based A-band measurements to infer photon pathlengths and to relate these to column properties (Harrison and Min 1997; Pfeilsticker et al. 1998; Veitel et al. 1998; Min and Harrison 1999; Portmann et al. 2001; Min et al. 2001; Min and Clothiaux 2003) . All of these efforts have depended on limited information retrieval from the A band: effectively, little more than one eigenvector, though differently used.
In principle more information about the photon pathlength distribution can be inferred from high-resolution spectrometry of the A band (Min et al. 2004) . High spectral resolution measurements may be capable of discriminating atmospheric scattering from surface scattering, and thus provide a better remote sensing technique for retrieving vertical aerosol profiles and clouds optical properties Heidinger and Stephens 2000; Stephens et al. 2004 for detailed review).
The atmosphere appears very different in the A band than other wavelength regimes; on absorption-line centers in the A band the transmission to the ground is less than 10
Ϫ30 . This is far less transmission than any measurement can observe, both for reasons of dynamic range in signal acquisition and out-of-band (OOB) rejection. However, we do not need extinctions anywhere near so extreme; by looking down into the atmosphere at strongly absorbing wavelengths (necessitating high resolution and good stray-light rejection) high-altitude scatterers appear bright and what lies below is invisible. In concept we can observe scattering from successively deeper layers by measuring at consecutively lower absorptions.
High-resolution (ഠ0.5 cm Ϫ1 ) O 2 A-band instruments were proposed for the Cloudsat, Cloud-Aerosol Lidar and Infrared Pathfinder Satellite Observations (CAL-IPSO), and the Orbiting Carbon Observatory (OCO) missions; unfortunately, both Cloudsat and CALIPSO A-band instruments were ancillary measurements for active remote sensing efforts, and both were canceled due to difficulties with other portions of the satellite systems. Nonetheless, a substantial improvement in the understanding of O 2 A-band inversions and utility has been gained from the studies made for these satellites. A variety of practical goals seems possible given adequate instrument and inversion performance, such as measuring high-altitude cloud optical depths when lowlevel stratus is present, or cloud and aerosol optical VOLUME 61
depths over high-albedo surfaces (e.g., snow); both are significant deficiencies in our current cloud and aerosol observations and climatologies. The Scanning Imaging Absorption Spectrometer for Atmospheric Chartography (SCIAMACHY) on the Environmental Satellite (ENVISAT ) measures O 2 A band with a resolution of 0.48 nm. Recently, the OCO mission has been approved and a high-resolution instrument suite (O 2 A band and two CO 2 bands) will be launched in 2007. We would expect more high-resolution instruments in the future.
Here we develop a quasi-linear inversion algorithm for retrieving profiles of aerosol optical depth from downward-view spectroscopy from the top of the atmosphere (TOA). This algorithm permits nonlinear corrections suitable for the modest multiple scattering under conditions where the surface can still be seen. The method splits the retrieval into a linear problem, which can be considered as the single-scattering approximation, and then a multiple-scattering correction, which can be subtracted from radiances, to leave a single-scattering (linear) inversion. We show this formulation first, and then discuss the properties of the linear inversion based on the single-scattering approximation (the information content cannot be better than this), particularly the singular value decomposition (SVD) of the inversion kernels for various instrument performances (resolution, stray-light rejection, and signal-to-noise ratio) to demonstrate the consequences of instrument specification on potential retrievals.
Quasi-linear retrieval algorithm

a. Kernel functions
Extensive sensitivity studies show that the dominant contributions for observed radiance are due to the single-and/or lower-order scattering for small O 2 absorption optical thickness (k) and single scattering for large k, under optically thin conditions. Therefore, we split the radiance into two components and treat the multiplescattering component as a perturbation using a fast-forward model to calculate it (more discussion later). In general, we have ss ms
where ''ss'' and ''ms'' represent single-scattering and multiple-scattering, respectively. For the single-scattering radiance, we have
where A s is the surface albedo; is the extinction coefficients of scatterers (aerosol and molecules) and absorptions (oxygen and ozone); is the single-scattering albedos of scatterers; P is the phase function of scatterers; p is the pressure of the atmosphere; m is the airmass factor; and and 0 are the cosine of scattering angle and cosine of solar zenith angle, respectively. The first term is the contribution by the surface reflection, and the second term is the contribution of scattering in the atmosphere. We further split O 2 absorption from other contributions to separate their contributions. If we define
when treating the surface reflection as one additional scattering layer, we have
The kernel function of the system, T (p) is the trans- sphere without O 2 absorption. It is positive and decreases monotonically from the TOA to the surface. Then by a partial integration, we have
where ''0'' and ''M'' represent the top and bottom boundaries, respectively. We discretize the integration and have The introduction of this differential form is analogous to differential kernels common in longwave remote sensing, but we do not have a Planck function to differentiate analytically. Instead, this is an introduction of a partial integration. It is not evident a priori that this will be better behaved than the simple transmittance kernel; we will show that it is better from the conditioning parameters of SVD for the respective singlescattering kernels (see Fig. 3 ). Figure 1 shows the differential kernel functions for various O 2 absorption depths (k). The deeper in the absorption line (larger in k) the higher altitude the maximum of the kernel function is located, and the less contribution comes from the surface layer (bottom layer). This kernel function provides us a qualitative explanation of the following important issue: the necessity of high-resolution spectrometry to ''see'' properties of the atmosphere not accessible otherwise.
b. Instrument impacts and information content
An important understanding that was gained as part of the development of Cloudsat and CALIPSO A-band instruments is that the information that might be inferred through an inversion process using measurements will be greatly influenced by the instrument performance. Figure 2 illustrates impacts of slit functions (resolutions and the OOB rejections) on the distributions of O 2 absorption depths. Other studies considered resolution with the assumption of perfect stray-light rejection; these figures demonstrate that the information content of high-resolution absorption spectroscopy depends particularly on low stray-light contribution to the measurement, and that the OOB rejection criterion becomes more stringent as the resolution is improved (Harrison and Min 1997) .
We use the SVD analysis on the differential-transmittance inversion kernels for various resolutions and OOB rejections to study the consequences of instrument specification on potential retrievals (Hansen 1998; Rodgers 2000) . Figure 3 shows normalized singular values for a differential kernel function and a transmittance kernel function for two instrument resolutions of 1 (red line) and 0.5 cm Ϫ1 (blue lines) and four OOB rejections of 10 Ϫ2 , 10 Ϫ3 , 10 Ϫ4 , and 10 Ϫ5 (solid, dotted, dashed, and long-dashed lines, respectively). For the same instrument resolution and OOB rejection, the differential kernel function is more robust than the transmittance kernel function.
An important practical point is that if the instrument has inadequate OOB rejection, the real information content for inversion purposes is improved by degrading the resolution. A system with 0.5 cm Ϫ1 resolution, a signal-to-noise ratio of 100:1, and an OOB floor of 10 Ϫ3 has four independent pieces of information.
Optimizing to get the maximum information from measurements is our major effort of developing retrieval algorithms. Before continuing we wish to stress that the needed instrument performance specifications are achievable. Min et al. (2004) show observations from a high-resolution spectrometer for both O 2 A band and water vapor band with a resolution of better than 0.5 cm Ϫ1 and an OOB rejection of 10 Ϫ5 .
c. Tikhonov's regularization with inequality constraints
The differential transmittance kernel function [Eq. (7)], it is an ill-conditioned first-order Fredholm equation. All realistic solutions must have a monotonically decreasing aerosol transmittance with depth (after Rayleigh and absorption terms are removed). Here we use Tikhonov's regularization [known earlier as ''Twomey's method,'' see Hansen (1998) for a thorough overview and related methods] augmented with inequality constraints to retrieve the aerosol vertical profiles. subjected to Gx Ն 0,
where A is our kernel matrix; b is the observation vector; L and G are the first derivative operators; and is a Lagrangian multiplier. Basically, in a least squares sense, we minimize the forward model and observation with a regularization constraint (''smoothness'' constraint) of the solution.
More importantly, such a solution is subject to an inequality constraint such that our decreases monotonically.
To properly choose the Lagrangian multiplier or to find the optimal trade-off between the imposed smoothness and the residue error, we use the L-curve approach (Hansen 1998) . In Fig. 4 , the circles show the L curve, and the triangles show the error between true and retrieved solutions. The best solution is located at the corner L curve. In practice, is determined by the maximum curvature of the L curve or the best trade-off point, ever, the maximum curvature may not be the optimal feature of the L curve for selecting the regularization parameter for some cases (Vogel 1996) . Based on the trials with simulated data and noise, we use a value for that is twice that of the maximum curvature of the L curve.
d. A fast-forward radiative transfer (RT) model
For our quasi-linear retrieval, even though the multiple scattering is a small perturbation, we must calculate it and remove its contribution from our measurements. It is crucial to have a faster RT model to reduce computational cost, so that the algorithm can be used operationally. Most of the computational cost is spent to solve an RT equation for multiple scattering that, in general, depends on number of atmospheric layers and streams.
We can reduce the computation of the multiply scattered radiances because these fields are smoother, resulting in a photon pathlength distribution that is smooth. Taking advantage of the properties of photon pathlength distributions, we transform our problem from wavelength space to O 2 absorption optical thickness space (or k space). Using the existence of the Laplace transform for the gamma distribution (as used by Harrison and Min 1997; Min et al. 2004 ), we make only finite calculations for chosen k's (equivalent to k-distribution methods) to extrapolate and interpolate for all k's. This implicitly defines the photon pathlength distribution from a finite distribution of k's and then applies it to all wavelengths.
The following equations illustrate the steps for building a fast-forward RT model:
where Z is all optical properties of the atmosphere as a function of pressure and temperature, P is the phase function of that layer, ss and ms stand for single and multiple (second-order and above) scattering, respectively. Here h and l represent higher and lower number of layers and streams, respectively, and F is the extrapolation and/or interpolation function from finite k( i ), which can be written as
Thus the pathlength distribution is a summation
of n gamma distributions. For the example below, we use two gamma distributions, which are defined by 16 k values at both ends of the O 2 A band. Figure 5 shows differences between the bench model and the fast model for clear-sky conditions. The bench model is set up by 40 atmospheric layers and 32 streams, while the fast model is set up with 10 layers and 16 streams and only computes at 16 k values from 0.001 to 60. Both simulated observations are convolved by slit function of 0.5 cm Ϫ1 full-width half-maximum (FWHM) with the OOB rejection of 10 Ϫ4 . For the clearsky case the difference is less than 0.2% because the contribution of single scattering is dominant. The difference, shown in the figure, is mainly caused by the temperature dependence of O 2 absorption coefficients from line to line. If we only use one absorption line, the difference will be reduced to less than 0.05%. The fast-forward model is more than 100 times faster than the standard radiation model that requires thousands of calculations in wavelength space.
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Results
For all the test cases, the simulated measurements are calculated for an assumed instrument with resolution of 0.5 cm Ϫ1 and the OOB rejection of 10 Ϫ4 . The simulated system will sample the spectrum between 762 and 768 nm with three pixels per FWHM. We also added white noise to the signal with a signal-to-noise ratio of 100. We use the Air Force Geophysics Laboratory (AFGL) atmospheric constituent profile for midlatitude summer and a dark surface. Total aerosol optical depth and vertical distribution are different for the following three cases, with the same single-scattering albedo and asymmetry factor of 0.95 and 0.75, respectively.
First we discuss a typical background aerosol case with total optical depth of 0.05 at 760 nm (see Fig. 7 for aerosol vertical profile). The left plot of Fig. 6 shows the integrated total optical depth from TOA down to the corresponding layer, including aerosol, Rayleigh scattering, and ozone. The number, T, and G represent the number of iterations, and the true and initial guess of profiles for the test case, respectively. The right plot shows the percentage differences after various iterations. After five iterations, the solution converged to within 5% of the true profile for altitudes below 8 km, where most aerosol and molecular scatterers exist. The total optical depth, which is primarily determined by the lowest-absorption pixels, however, agrees with the true optical depth to 2%. We have tested the sensitivity of final results to the initial-guess profile by using various initial-guess profiles. The final result converges very well to the true profile and is insensitive to the initial guess. Figure 7 shows the extinction profiles of aerosol: true and final (fifth iteration). The differences between two profiles are less than 20%. This example shows a ''sharp'' aerosol profile to test the impact of the regularization. Most of the differences seen from the plot are the result of the smoothed retrieval. Figure 8 shows a case of heavy aerosol loading with a total aerosol optical depth of 0.2 at 760 nm, but still with in our limit for ''optically thin.'' Similarly to case 1, after five iterations the solution converged to the true profile within 5% for altitudes below 8 km.
Sometimes the altitude of maximum of aerosol loading is above the surface, for example, volcanic or smoke plumes. This yields more challenging situations, which requires substantially higher O 2 absorption to resolve (see the kernel function in Fig. 1 ). We simulated this situation by assuming the maximum aerosol optical depth at 5 km with total aerosol optical depth of 0.05. Figure 9 shows the true and retrieved vertical extinction profiles of aerosol. After five iterations, the final result converges, but the maximum altitude is about 1 km lower than that of the true profile. The fractional difference is quite large in the region below the maximum altitude, even though the total optical depth agrees with 2%. The reasons the retrieved vertical distribution is biased toward a lower altitude are twofold: 1) the linear (single scattering) inversion cannot well resolve highaltitude scatters due to the limited resolving power for this chosen simulated instrument, and 2) the underestimated high-altitude scattering then is automatically amplified by an underestimation of the multiple-scattering correction.
The cases we selected are arbitrary and are not fully realistic. In reality, we do not have a priori knowledge of aerosol single-scattering albedos and phase functions, these must be assumed. The uncertainties of aerosol single-scattering properties will result in an error in profile of aerosol optical depths through correction of multiple scattering and conversion from transmittance function () to optical depth profile, even though the transmittance function is inverted from a linear system. Changes in a single-scattering albedo of 0.03 and in a phase function of 4% will result in uncertainties of 3.8% and 2.6% in total optical depth, respectively. In this paper we have assumed that the surface albedo is known and test cases used zero. For operational retrievals using this algorithm the surface albedo is formally an external input, as it is for many other optical retrievals (King et al. 1999 and reference therein). In principle the O 2 Aband observations can invert the surface albedo as an VOLUME 61 J O U R N A L O F T H E A T M O S P H E R I C S C I E N C E S independent parameter, but sensitivity studies not fully discussed here show that this requires very demanding k values and accuracy of instrument observing functions to do so in the general case. Simultaneous retrieval of surface albedo and aerosol optical profile and issues of surface albedo on retrievals will be addressed in a following study.
Inequality constraints
In all the examples shown above, the results are a least square (LS) solution without the subsequent Nonnegative least squares (NNLS) constrained solution. The first step of the NNLS yields a least squares (LS) solution, and further work stops if the conditions are met. One advantageous consequence of this is that the SVD description of the information content of the inversion is appropriate, at least for the local domain around the final solution. (The NNLS cannot be described as a linear operator or ''regularization'' operating solely on the kernel function, since it depends on the observation vector, and hence we cannot study the SVD of NNLS inversion.) The use of NNLS may be necessary to prevent iterations for multiple-scattering corrections from diverging aphysically.
In the event that the ''final'' solution requires NNLS constraint, one of two situations is obtained: if the distance from this solution and the unconstrained LS solution is within the range predicted from the covariance matrix of the regularized kernel, then it can be viewed as acceptable and a consequence of ''ordinary'' noise propagation. If, however, this distance is significantly larger, it is evidence of inversion failure, and this can be tested for each result. The failure could occur for many reasons, but incorrect transmission kernel values (meaning an incorrect instrument performance characterization) would likely present themselves this way, as would serious errors in assumed ground albedo or aerosol optical properties.
Summary
We have developed a quasi-linear retrieval algorithm for moderately thin atmospheres to study issues of nadirviewing high-resolution O 2 A-band remote sensing information content. This algorithm can be applied to many aerosol optical depth cases. The information that may be inferred is greatly influenced by the capability of the A-band spectrometer providing the measurements. Based on a single-scattering approximation, we investigate the issue of information content in terms of a linear retrieval as a function of two important instrument specifications: resolution and OOB rejection. A system with 0.5 cm Ϫ1 resolution, a signal-to-noise ratio of 100:1, and an out-of-band floor of 10 Ϫ3 has four independent pieces of information. Further, we developed an accurate and fast radiative transfer model to correct the multiple scattering. We solved the linear system using Tikhonov's regularization with inequality constraints. We show that useful retrievals are possible for an instrument with 0.5 cm Ϫ1 provided that OOB rejection is adequate, and instruments with this performance are practical.
